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Abstract. What can be learned about the physics of stellar interiors from studying
stellar oscillations? This review address the potential to improve our understandings of
convective core overshoot and of more general convection-related effects, microscopic
diffusion, rotation and magnetic fields, and finally evolution-induced period changes.
1. Introduction
The term ‘asteroseismology’ appeared in the title of a published paper for the first time
in “What will Asteroseismology teach us?” by Christensen-Dalsgaard (1984). After
that, the number of papers related with asteroseismology has increased exponentially.
Based on recent successes in observational techniques, we can safely expect the trend
to even accelerate in the foreseeable future.
A narrow definition of asteroseismology might be to deduce physical parameters
and interior structure from several observed oscillation frequencies; i.e., an extension of
Helioseismology to stars. Here we are going to adopt a somewhat more relaxed attitude;
whenever we can learn any stellar physics from the observed oscillations, we will call
this asteroseismology. This paper overviews some of the topics in stellar oscillations;
more thorough discussions can be found e.g. in the books by Cox (1980),Unno et al.
(1989), or Aerts et al. (2010).
Everyone in this research field is aware of the very rapid progress of asteroseis-
mology driven mostly by the high-quality space photometries from the MOST, CoRoT,
and Kepler missions, organized ground based complementary photometric and spectro-
scopic observations, and many theoretical works. Due to the huge body of results, I
am afraid that I will inevitably miss some important results. I apologize in advance for
these blind spots.
2. Overshooting from Convective Core
Convective core overshooting and (rotational) slow mixing in radiative layers are im-
portant processes whose strengths are hardly constrained by purely theoretical consid-
erations, but they affect significantly the evolution of stars. Since the state of the stellar
surface gives us little information on the interior mixing, asteroseismology is antici-
pated to reveal the extent of these mixing processes.
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2.1. β Cephei stars
β Cephei stars are relatively massive (& 8M⊙) main-sequence stars with a well de-
veloped convective cores; they oscillate in low-oder p/g-modes with periods of a few
hours. In most cases, the number of frequencies is low, and they rotate relatively
slowly so that the rotational frequency splittings can be treated perturbatively. In ad-
dition, surface degrees of the oscillation modes for the observed frequencies can be
estimated from their amplitudes at various wavelengths (e.g., De Ridder et al. 2004;
Daszyn´ska-Daszkiewicz & Walczak 2010) so that mode identification is not very diffi-
cult. Thus, β Cephei stars are well suited for asteroseismology to obtain information on
the extent of convective-core overshooting.
The slowly rotating star ν Eridani is the most intensively studied β Cephei variable.
The organized photometric and spectroscopic multisite observations (Handler et al. 2004;
Aerts et al. 2004; Jerzykiewicz et al. 2005) revealed that the star has, at least, three ro-
tational triplets and five independent frequencies including two high-order (SPB-type)
g-modes. Although many detailed seismic investigations for ν Eri have been performed,
some difficulties remain in frequency-fittings and modeling excitation of observed fre-
quencies. Table 1 summarizes some of the results. Although fitting the frequencies of
the radial mode (ℓ = 0, p1) and the two triplets (ℓ = 1, g1, p1) with models imposes no
stringent constraint to the core-overshooting parameters, models with αov ∼ 0.2 seem
to work better in fitting the other frequencies. However, models with a considerable
core-overshooting tend to have lower effective temperature than the photometrically
estimated range.
Table 1 shows that analyses for other β Cephei stars also point to overshooting
parameters in the range of 0.1−0.4. Although there are still considerable differences in
the parameters obtained by different authors, most of the analyses consistently required
considerable core overshooting in β Cephei stars. This is, however, at odds with the
SPB stars as discussed below.
Table 1. Parameters for some β Cephei stars obtained from asteroseismology
Name M Z Xc αov Ωcore/Ωenv note
ν Eri 9.0 − 9.9 .015 .24 − .25 0.0 − 0.12 ∼ 5 1
8.4 .0115 − 0.21 − 2
7.13 .019 .13 − .16 0.24 − 0.28 1 − 2.6 3
8.8 − 9.6 .016 − .019 − 0.0 − 0.2 5.4 − 5.8 4
9.05 .014 .26 0.17 − 5
8.59 .016 .27 0.23 − 5
θ Oph 8.2 ± 0.3 .009 − .015 .38 ± .02 0.44 ± 0.07 1− 6
9.5 .02 .32 0.28 ± 0.1 7
HD129929 9.35 .019 .353 0.10 3 8
β CMa 13.5 ± 0.5 .019 ± .003 .126 ± .003 0.20 ± 0.05 9
δ Cet 10.2 ± 0.2 .02 .25 0.2 ± 0.05 10
1=Pamyatnykh et al. (2004), OPAL, 3 freq.-fit; 2=Ausseloos et al.
(2004), OPAL, 4 freq.-fit, 4Fe⊙; 3=Sua´rez et al. (2009), OPAL,
X0 = 0.5; 4=Dziembowski & Pamyatnykh (2008), OPAL & OP;
5=Daszyn´ska-Daszkiewicz & Walczak (2010), OPAL2 & OP2; 6=Briquet et al.
(2007); 7=Lovekin & Goupil (2010), 2D; 8=Dupret et al. (2004);
9=Mazumdar et al. (2006); 10=Aerts et al. (2006)
Physics of stars understood/expected from asteroseismology 3
Figure 1. Evolutionary tracks and instability ranges for g-modes in models with
different compositions and with/without core overshooting. The lower part of the
instability range for p-modes is also shown. OPAL opacity tables (Iglesias & Rogers
1996) were used. Parameters for SPB stars are adopted from De Cat & Aerts (2002);
Niemczura (2002); Aerts & Kolenberg (2005), and for Be stars from Fre´mat et al.
(2006)
2.2. No overshooting needed in SPB stars
Slowly pulsating B (SPB) stars are multi-periodic pulsators with periods of 1 to 2 days.
They are main-sequence stars with masses in a range of 3 . M/M⊙ . 8, and the
majority is slowly rotating. High radial order g-modes are excited in these stars by
the kappa-mechanism works at the ‘Fe-bump’ (T ∼ 2 × 105K) as for the low order
p/g-modes in β Cephei stars. Long-period g-modes are excited because the effective
temperatures of SPB stars are lower than of the β Cephei stars so that the opacity bump
is located slightly deeper in the envelope where the thermal timescale is longer.
The excitation of g-modes is affected not only by the effective temperature but also
the internal structure of the stars. The red boundary of the SPB instability region in the
HR diagram coincides with the disappearance of the convective core at the termination
of the main-sequence stage. In the evolved radiative core, the Brunt-Va¨isa¨la¨ frequency
becomes very large so that the wavelengths of the spatial oscillations of a high-order g-
mode becomes very short, which in turn enhances the radiative dissipation to damp the
g-mode (e.g. Gautschy & Saio 1993). Therefore, the red boundary of the distribution of
SPB stars in the HR diagram is a good indicator of the location of the termination of the
main-sequence stage which depends on the extent of core-overshooting. In other words,
by comparing the observed red-boundary of the SPB stars with theoretical boundaries
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we can estimate the extent of core-overshooting in these stars. Figure 1 compares the
distribution of SPB stars (and Be stars) on the HR diagram with the theoretical in-
stability regions for g-modes obtained with/without core-overshooting. All (but HD
1976) SPB stars lay within the instability region for models without core-overshooting.
This means that in contrast to the results for β Cephei stars no core-overshooting is
needed to understand SPB stars. The star HD 1976 is a relatively rapid rotator with
V sin i = 125 km/s; so that rotation might enhance mixing around the convective core.
Figure 1 shows a clear difference in the distribution between Be stars, which ro-
tate nearly critically, and SPB stars, the majority of which rotate slowly. Be stars
having effective temperatures similar to those of SPB stars show g-mode oscillations
(Walker et al. 2005; Saio et al. 2006), which indicates that these stars should have a con-
vective core and still be in the main-sequence stage. To explain the distribution in Fig. 1
and the presence of g-mode oscillations in the intermediate mass (3 . M/M⊙ . 7) Be
stars, extensive core-overshooting, as large as ∼ 0.4Hp, is needed (Lovekin et al. 2010),
in stark contrast to the case of SPB stars. This may indicate that in rapidly rotating stars
rotational mixing around the convective-core carries extra hydrogen into the convective
core mimicking extensive overshooting from the convective-core boundary, although
the pure core-overshooting itself is weak without rotation effects. More accurate and
detailed seismological analyses for β Cephei and Be stars are needed to clarify the re-
lation between stellar rotation and mixing in radiative layers around convective cores.
3. Effects of microscopic diffusion
In a quiet stellar envelope microscopic diffusion occurs; i.e., each ion sinks or rises de-
pending on the relative strength of gravity and upward radiation forces. Strong micro-
scopic diffusion can affect the excitation/damping of stellar oscillations. In this section,
we discuss briefly such effects in Am stars, sdB stars, and hot pre-white dwarfs.
3.1. Am stars
In Am (A metallic line) stars, some metals are levitated to the surface due to radiation
force and helium is depleted due to gravitational settling. Before the era of accurate
space photometry it was thought that majority of Am stars lying in the classical insta-
bility strip do not pulsate because helium is drained from the second helium ionization
zone due to the gravitational settling, which quenched the kappa-mechanism of excita-
tion. This view has been overturned by the recent observations by Kepler (Balona et al.
2011b) and the ground-based survey WASP with automated telescopes (Smalley et al.
2011). They have found that the majority of Am stars do pulsate and their distribution
in the HR diagram is the same as that of δ Sct variables, although the pulsation ampli-
tudes in Am stars tend to be smaller (Smalley et al. 2011). This finding does not agree
with the theoretical prediction obtained from models including microscopic diffusions
(Turcotte et al. 2000); the diffusion in Am stars seems not as strong as predicted by the
models.
3.2. Subdwarf B (sdB) stars
The sdB stars are hot (25, 000 K . Teff . 40, 000 K) and subluminous (10 . L/L⊙ .
50) evolved compact (5 . log g . 6) stars (see e.g., Heber 2009, for a review). They
are located in the HR diagram at the extreme blue extent of the horizontal branch stars;
Physics of stars understood/expected from asteroseismology 5
they are sometimes called extreme horizontal branch (EHB) stars. Some of the sdB
stars show multi-periodic oscillations (see e.g., Fontaine et al. 2006, for a review). Two
groups are known; members of the hotter (Teff & 30, 000K) group pulsate in p-modes
with periods of 40 − 400 s, while members of the cooler group pulsate in g-modes with
periods of 2, 000 − 9, 000 s. Around the boundary of the two groups some hybrid stars
are observed.
Pulsations in sdB stars are excited, as in the B-type main-sequence variables, by
the kappa-mechanism at the opacity bump (T ∼ 2 × 105K) caused mainly by Fe-group
elements. The relation between the hotter p-mode pulsating sdBs and the cooler g-
mode pulsators is similar to that of the β Cephei stars and the SPB stars. For oscilla-
tions in sdB stars to be excited, however, microscopic diffusion plays an essential role.
In the chemically homogeneous envelops with observed heavy element abundances,
the kappa-mechanism is too weak to excite pulsations of sdB stars. Fe-group met-
als must be levitated and accumulate in the layers where the kappa-mechanism works
(Charpinet et al. 2001; Jeffery & Saio 2006). In other words, the presence of pulsating
sdB stars clearly indicates that microscopic diffusion of heavy elements actually oper-
ates in the envelopes of these stars. Making theoretical predictions of the strength of
microscopic diffusion is difficult because the diffusion is affected by rotation, winds,
etc. Comparison of observed parameter ranges for the variable sdB stars with theo-
retical predictions should eventually provide useful constraints to the theory. The sdB
stars are thought to be in their core-helium burning stage after having lost most of the
hydrogen rich envelope. However, the detailed evolutionary route for a star to become
an sdB star is not yet clear. Seismological determinations of the total mass and H-rich
envelope mass will prove useful to test formation scenarios of sdB stars (Fontaine et al.
2006).
3.3. GW Vir stars
GW Vir (or variable PG1159) stars are very hot (80, 000K . Teff . 180, 000K)
hydrogen-deficient, chemically peculiar pre-white dwarf stars, some of them are associ-
ated with a planetary nebula. The peculiar and diverse surface chemical compositions,
mostly He/C/O, are thought to be produced by nucleosynthesis in the ‘born-again-AGB’
phase during a late-thermal pulse (Werner & Herwig 2006). GW Vir stars pulsate in g-
modes with periods ranging from a few hundred to a few thousand seconds; they are
excited by the kappa-mechanism at the opacity peak around T ∼ 2 × 106K caused by
absorption by the L-shell electrons of Fe and ionizations of C/O/Ne K-shell electrons
(Rogers & Iglesias 1992). The excitation of g-modes in PG1159 stars depends on the
C/O abundance in the layers around T ∼ 2× 106K. Depending on the chemical compo-
sition in the envelope, some stars do not pulsate even in the instability region in the HR
diagram (Quirion et al. 2007). The red edge of GW Vir variables at Teff ∼ 80, 000K
arises due to the drainage of C/O by gravitational settling (Gautschy et al. 2005). The
effective temperature at the observed red-edge constrains models of gravitational set-
tling in and wind mass loss from very hot pre-white-dwarf stars.
A large number of frequencies of the prototype star GW Vir (PG1159-035) was
obtained from the 12-day nearly continuous observations of the first WET (Whole Earth
Telescope) campaign. The asteroseismic analysis for the frequencies has yielded im-
portant basic information on this star such as mass, rotation rate, etc (Winget et al.
1991).
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4. Effects of Convection
4.1. Convection mechanism of excitation
The g-mode pulsations in ZZ Cet (variable DA white dwarf) stars are excited around
the H-ionization zone where the convective energy flux is much larger than the radiative
flux. The convection turn-over time in ZZ Cet stars is around 0.1 s (Brickhill 1983)
much shorter than the observed range of periods of 102−103s (e.g. Fontaine & Brassard
2008). Therefore, the state of convection should be adjusted instantaneously at each
phase of a g-mode pulsation. Brickhill (1983) found that the instantaneously adjusting
convection zone drives g-modes of ZZ Ceti stars. The effect of perturbed radiative
flux at the bottom of the convection zone is immediately distributed in the convection
zone; i.e., the entropy changes homogeneously in the convective zone. Using a quasi-
adiabatic analysis, Goldreich & Wu (1999) showed that the instantaneous adjustment
leads to thermal energy being stored in the convection zone during the compressed
phase of pulsation. This drives pulsation for the same reason as the kappa-mechanism
does, in which energy is gained by blocking radiative flux during the compressed phase
(e.g. Cox 1974). In the ZZ Ceti star case, the convection zone stores heat during the
compressed phase, so that the mechanism should be called convection mechanism or
convective driving (Goldreich & Wu 1999). However, we have to keep it in mind that
convection zones realized in hydrodynamic simulations have properties quite different
from those based on the mixing-length theory (Gautschy et al. 1996).
4.2. Convection-pulsation coupling
Except for the ZZ Ceti stars (and probably variable DB stars), convection time-scales
at the bottom of the convection zones are generally comparable to or longer than the
observed pulsation periods. If convection carries a substantial fraction of total flux, it
is necessary to include the effects of pulsation-convection coupling to understand the
excitation of the observed pulsations. Including the coupling is essential to understand
the red-edge of the classical instability strip; various authors with different methods
have succeeded in reproducing this red-edge, although the reasons for the stabilization
do not always agree with each other. The differences in treating convection-pulsation
coupling adopted by different authors are discussed in detail by Houdek (2008).
Convection-pulsation coupling plays important roles in the excitation of γ Dor
stars (Dupret et al. 2005), which are high-order g-mode pulsators with periods of around
a day. Before the space observations, especially from the Kepler satellite, ground
based observations indicated that γ Dor stars were confined to the red part of the
δ Sct instability strip on the HR diagram, which was consistent with the theoreti-
cal stability predictions obtained including convection-pulsation coupling (Dupret et al.
2005). This happy consensus has been overturned by the analysis of early Kepler data
(Grigahce`ne et al. 2010) which shows that all the pulsators are hybrid pulsators having
δ Sct-type as well as γ Dor-type pulsations. The distribution of δ Sct-type dominated
stars in the instability strip is similar to that of γ Dor-type dominated pulsators. Fur-
thermore, Grigahce`ne et al. (2010) found that there are many Kepler target stars in the
instability strip that show no periodic variations to the limit of the error level of the Ke-
pler photometry. The theory for the convection-pulsation coupling need to be further
refined to be consistent with these newly found properties.
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4.3. Blue supergiants
Several blue supergiants show light variations with periods of a few days indicative
of g-mode oscillations (Lefever et al. 2007). It may appear strange because g-modes
outside of the main-sequence band should be damped due to large radiative damping
in the central radiative core as mentioned in the subsection 3.2. It is found, however,
that a convective shell above the hydrogen burning shell in the post main-sequence
stage can reflect some g-modes. These reflected g-modes do not suffer strong radiative
damping, and hence they are excited (Saio et al. 2006) by the Fe-bump of opacity. Such
a convective shell in the post main-sequence stage appears if the star is massive enough
(M & 12M⊙). Godart et al. (2009) suggested that comparing the observed range of
the slowly pulsating superginant B stars with theoretical stability analysis for g-modes
could constrain the wind mass loss rate and the extent of core-overshooting in the main
sequence stage, because these affect the appearance of the convective shell in the post-
main-sequence stage.
4.4. Oscillatory g− modes in massive stars
Convective instability in non-rotating non-magnetic stars is monotonic in the adiabatic
approximation, which corresponds to the presence of g− modes with purely imaginary
eigenfrequencies. Although the physical reason is not clear yet, Shibahashi & Osaki
(1981) found g− modes to be overstable (i.e., oscillatory, having a finite real part
in the eigenfrequency) in very nonadiabatic environment. The overstable g− modes
they found were associated with the convection zone caused by H/He-ionization in
the luminous, relatively cool (but hotter than the classical instability strip) models
(105L⊙, 12M⊙). Due to the presence of the Fe-opacity peak at T ∼ 2 × 105 K, hot
massive stars have substantial envelope convection zones (Cantiello et al. 2009). It is
predicted that oscillatory g− modes are present in the hot massive stars, and that the am-
plitude of the oscillation penetrates into the photosphere (Saio 2011). These g− modes
may be responsible for the enhanced photospheric turbulence in blue supergiants. The
relation between atmospheric turbulence and the Fe convection zones is extensively
discussed by Cantiello et al. (2009), while Aerts et al. (2009) consider the turbulence
to come from collective effects of pulsations.
4.5. Solar-type oscillations in red-giants
Thanks to the accurate photometric observations of Kepler and CoRoT satellites, our
understanding of the solar-type oscillations in red-giant stars has improved enormously.
The structure of a red-giant is characterized by a dense core of ∼ 0.4−0.5M⊙ and a deep
convective envelope; the former is a g-mode cavity and the latter a p-mode cavity. Since
the Brunt Va¨isa¨la¨ frequency, N, is very high in the dense core, every nonradial mode
(ℓ > 0) that might be stochastically excited by convection in the envelope of a red-giant
must have a mixed character (g-mode in the core and p-mode in the envelope). Among
the mixed modes for a given ℓ there is a series of modes whose amplitude of oscillation
is strongly confined in the envelope. They are essentially p-modes; their frequencies
are separated by the same large separation, ∆ν, determined by the radial modes. In
other words, mixed modes are strongly confined to the envelope only if the frequencies
are close to the hypothetical pure p-mode frequencies in the absence of the core. Other
mixed modes are essentially g-modes which have considerable amplitudes in the dense
core, and the frequency spacing is much denser than that of p-modes. The contribution
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from the envelope depends on the ‘distance’ from the neighboring p-mode, and it is
smallest in the middle of two adjacent p-mode frequencies (see e.g. Dupret et al. 2009,
for the properties of nonradial modes in red giants).
As the inertia of p-mode-like modes are much smaller than g-mode-like modes,
the amplitudes of the former are larger than the latter modes. Very accurate Kepler and
CoRoT photometry detected not only p-mode-like modes but also some g-mode-like
modes (with relatively large contribution from the envelope) around the frequencies of
p-mode-like modes, from which g-mode period spacings ∆Pg as well as p-mode large
frequency separations ∆ν were determined (Bedding et al. 2010; Mosser et al. 2011).
Since ∆Pg ∝ [
√
ℓ(ℓ + 1)
∫ rc
0 Nd ln r]−1 with core radius rc, measuring ∆Pg yields infor-
mation on the density of the core. In fact Bedding et al. (2010) showed that a ∆ν−∆Pg
diagram clearly separate central He-burning clump stars from still ascending (pre-He-
ignition) red giants. If rotational frequency splittings are detected for both types of
modes in a star, the variation of the rotation frequency in the stellar interior can be de-
duced. This would be very useful information for understanding the angular momentum
transport in the stellar interior.
5. Rotation Effects
When we observe a nonradial oscillation (of an azimuthal order m) in a star rotating
with angular frequency Ω, the oscillation frequency we observe differs by −mΩ from
the intrinsic frequency of the star. This is just due to the transformation from the rotat-
ing to the observer’s (inertial) frame of reference (or rotational advection). (We adopt
the convention that m < 0 corresponds to prograde modes.) Genuine rotation effects
influencing stellar pulsations come from two kinds of forces, the Coriolis force 2u ×Ω
and centrifugal force ̟Ω2, where u is the oscillation velocity of matter, and ̟ is the
distance from the rotation axis. This section very briefly overviews the rotation effects
(for extensive discussions see e.g., Unno et al. 1989; Goupil 2009; Aerts et al. 2010).
The centrifugal force deforms equilibrium stellar structure and hence modifies the
oscillation frequencies; the significance of the effect is measured by the ratio of the cen-
trifugal force to the gravitational force ∼ ̟Ω2r2/(GM). Thus, the strength of the effect
does not directly depend on the oscillation frequency, but p-modes whose oscillation
energy is confined to the envelope are more affected than g-modes whose oscillation
energy is confined to the core.
The importance of the Coriolis force can be measured by the ratio of the Coriolis
force per unit mass to the acceleration due to oscillation (u˙); i.e., by 2Ω/ω, where ω
is the angular frequency of oscillation in the co-rotating frame. Coriolis force can sig-
nificantly affect low-frequency g-modes even for a slow rotation that causes negligible
centrifugal deformation. On the other hand, for high-frequency p-modes the Coriolis
force effect is very small even for a rapid rotation.
5.1. Frequency splittings
For a slowly (in general differentially) rotating star, Coriolis force and the rotational
motion (advection) split a pulsation frequency of a mode of a degree ℓ into 2ℓ + 1
equally spaced frequencies (m-splitting) as
∆σ = −m
∫ R
0
Ω(r)K(r)dr where K = ρr
2
J
[ξ2r + ℓ(ℓ + 1)ξ2h − 2ξrξh − ξ2h]
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with J ≡
∫ R
0 [ξ2r + ℓ(ℓ + 1)ξ2h]ρr2dr; ξr and ξh are radial and horizontal displacements of
oscillation, respectively. The first two terms in K are from advection, and the last two
terms from the Coriolis force. The runs of the kernel K(r) in the stellar interior differ
from mode to mode; generally, p-modes (g-modes) are sensitive to envelope (core)
rotation. Therefore, we can probe the distribution of the rotation frequency in the stellar
interior, if frequency splittings for more than one mode are observed in a star. Table 1
lists results of such analyses for some β Cephei stars, in which frequency splittings for
both low-order p and g-modes are observed. The core of β Cephei stars seem to rotate
considerably faster than the envelope. For relatively rapid rotators, higher oder terms
of O(Ω2), which break the equality of the spacing, should be included.
For more rapidly rotating stars, the perturbative approach is no longer applicable
and the effects of centrifugal deformation must be accurately included, based on 2D cal-
culations, to obtain accurate p-mode frequencies (Reese et al. 2006; Lovekin & Deupree
2008). In rapidly rotating stars, split frequencies from different modes cross each other,
and differential rotation adds further complexities, so that mode identification becomes
very difficult (Deupree & Bslin 2010). Furthermore, in rapidly rotating stars new kinds
of pulsation modes (such as chaotic modes) exist, which are absent in the non-rotating
stars (Lignie`res & Georgeot 2009). However, high order ordinary (island) p-modes
show some regularities which can be approximated by a new asymptotic formula with
a set of new quantum numbers (Reese et al. 2009). This relation might prove useful for
asteroseismology of rapidly rotating stars.
5.2. g-modes in rapidly rotating stars
Coriolis force deforms the angular dependence of the amplitude of eigenfunctions from
the form of a single spherical harmonic. Generally, amplitude tends to be confined
to the equatorial range; for large Ω/ω, an additional latitudinal nodal line appears for
retrograde g-modes and for prograde tesseral modes reducing their visibility. Only
prograde sectoral modes among g-modes are immune to such significant deformation of
the latitudinal amplitude distribution (e.g., Lee & Saio 1990). In addition, nonadiabatic
analyses indicate that prograde sectoral g-modes are less affected by damping due to
mode couplings (Aprilia et al. 2011).
Many properties of g-modes in rotating stars can be understood with the help of the
so called ‘traditional approximation’ in which the horizontal component of angular ve-
locity of rotation, Ω sin θ is neglected. Under this approximation, differential equations
for nonradial pulsations are the same as those for a nonrotating star except that ℓ(ℓ + 1)
is replaced with the eigenvalue λ of Laplace’s tidal equation. The eigenvalue λ depends
on Ω/ω and approaches ℓ(ℓ+1) as Ω/ω→ 0. Thus, in a rotating star √λ represents the
latitudinal degree of the nonradial pulsation. For a givenΩ/ω and m, an infinite number
of λ values are possible for the latitudinal dependence of eigenfunctions (Hough func-
tions), corresponding to the fact that an infinite number of ℓs are allowed for a given
m in a non-rotating case. For retrograde g-modes and prograde tesseral modes λ has
large values for Ω/ω > 1, while for sectoral prograde modes (ℓ = −m at Ω = 0) λ
is slightly smaller than ℓ(ℓ + 1) (e.g., Lee & Saio 1997; Aerts et al. 2010). Thus, the
prograde sectoral modes have the special character that the latitudinal dependence is
not modified drastically even at large Ω/ω values.
Many rapidly rotating Be stars have effective temperatures similar to those of SPB
stars (Fig. 1) in which high radial-order g-modes are excited. For these Be stars the
Fourier spectra of photometric data from space show grouped frequencies (Walker et al.
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2005; Cameron et al. 2008; Neiner et al. 2009). These groupings can be understood as
high-order prograde g-modes whose frequencies in the corotating frame ωg are much
smaller than the rotation frequency Ω. Then, the frequencies in the observers frame,
ωg + |m|Ω, should be grouped around Ω and 2Ω corresponding to m = −1 and m = −2
modes, respectively. This property can be used to determine the rotation frequencies of
rapidly rotating B stars by just looking at the distribution of the pulsation frequencies
in the Fourier spectra (Cameron et al. 2008). Although theoretical models for these g-
modes in Be stars agree qualitatively with the observations, no quantitative agreement is
obtained for each g-mode frequency. This situation will be improved in the near future
with more accurate calculations for g-modes in deformed rotating stars (Ballot et al.
2010).
5.3. r-modes
The latitudinal gradient of the Coriolis force generates Rossby-wave type slow global
oscillation modes called r-modes; they are retrograde modes with a nearly toroidal
(divergence-free) displacement vector, proportional to (∇Ym
ℓ
) × ~r. The frequency of an
r-mode in the co-rotating frame is given as 2mΩ[ℓ(ℓ + 1)]−1 + O(Ω3). The last O(Ω3)
term arises from the deviation of the displacement from the toroidal form; because
of the deviation r-modes can propagate in the radial direction and have nonadiabatic
effects such as driving and damping (e.g., Provost et al. 1981; Saio 1982). Nonadiabatic
analyses predict r-modes to be excited by the kappa-mechanism at the Fe-opacity bump
in rotating B-type stars (Townsend 2005; Lee 2006).
The r-modes with ℓ = 1(m = 1) have a special character; that is, the frequencies in
the inertial frame are very small because 2mΩ[ℓ(ℓ+1)]−1 = Ω. These modes propagate
azimuthally opposite to the rotational direction at nearly the same speed as rotation, so
that we see almost the same phase of the oscillation for a long time. Space photometry
with the MOST, CoRoT, and Kepler satellites indicates the presence of very low fre-
quency oscillations in rapidly rotating stars (e.g., Walker et al. 2005; Neiner et al. 2009;
Balona et al. 2011a). If these low-frequency oscillations are confirmed to come from
the stars (i.e. not being instrumental), they can be interpreted as ℓ = 1 r-modes.
6. Pulsations of magnetic stars
Some chemically peculiar A-F stars (Ap stars) have strong (1 ∼ 30kG) global (mostly
dipole) magnetic fields. The surface chemical anomaly is explained by microscopic
diffusion (radiative levitation) in the magnetically stabilized and slowly rotating atmo-
sphere. Although it is somewhat contradictory to the quiet environment needed for the
diffusion, some relatively cool Ap stars show high-order p-mode oscillations with pe-
riods of 6 − 21 min; their velocity amplitudes in the outermost layers can reach a few
km/s. These variables are called roAp (rapidly oscillating Ap) stars; the first stars of this
group were found by Kurtz (1982) and presently ∼ 40 members are known (Kurtz et al.
2006). The high-order p-modes are thought to be excited by the kappa-mechanism at
the hydrogen ionization zone where convection is expected to be suppressed by the
strong magnetic field (Balmforth et al. 2001). However, pulsation frequencies of some
roAp stars exceed the acoustic cut-off frequency and cannot be excited by the kappa-
mechanism (e.g. Saio et al. 2010).
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With a polar strength of a few kG, the magnetic energy density surpasses the ther-
mal energy density in the outermost layers including some sub-photospheric layers.
The p-modes in roAp stars, whose kinetic energy is confined to the outer envelope, are
strongly affected by the Lorentz force so that they have peculiar properties not seen in
other type stars. In many cases, observed pulsation amplitudes of a roAp star modu-
late with rotation phase. To explain this, Kurtz (1982) introduced the oblique pulsator
model, in which the pulsation is axisymmetric to the magnetic axis which is inclined
to the rotation axis, so that we see different aspects of the pulsation at different rota-
tion phases. Pulsations are influenced not only by magnetic fields but also by rotation
whose axis is inclined to the magnetic axis, so that the pulsation axis cannot be strictly
tied to the magnetic axis but should oscillate elliptically (Bigot & Dziembowski 2002).
However, this effect is expected to be small in most cases because the magnetic effect
dominates the effects of slow rotation. The magnetic field not only fixes the pulsation
axis but also modifies the distribution of amplitude on the surface; i.e., the angular de-
pendence of the eigenfunction cannot be expressed by a single spherical harmonic (e.g.
Dziembowski & Goode 1996; Saio & Gautschy 2004); this fact is confirmed observa-
tionally (Kochukhov 2006).
The presence of magnetic fields introduces new kinds of waves, in addition to
modifying the properties of acoustic waves. Fast and slow waves are relevant to axisym-
metric roAp pulsations. The phase velocities of the fast and slow waves are (c2s +V2A)1/2
and csVA(c2s + V2A)−1/2, respectively, where cs is the sound speed and VA Alfve´n speed.
If cs ≫ VA (in deep interior), fast waves and slow waves correspond to p-mode pulsa-
tions and magnetic oscillations, respectively, while if cs ≪ VA (in outermost layers),
slow waves and fast waves correspond to p-modes and magnetic waves, respectively.
Stellar pulsation generates magnetic waves due to coupling in the layers where
cs ∼ VA. The generated waves propagate inward as slow waves whose wavelength be-
comes shorter and shorter as they propagate deeper interior. Therefore, the slow waves
are believed to be dissipated before reaching the stellar center (Roberts & Soward 1983);
i.e., the coupling causes damping of the pulsations. The strength of the coupling
(i.e., damping rate) varies cyclically as a function of νB1/(n−1)p (Cunha & Gough 2000;
Saio & Gautschy 2004), where ν is the oscillation frequency, Bp the polar strength of
dipole magnetic field, and n the effective polytropic index. At a few kG of magnetic
field as typical in roAp stars, the magnetic effect on low-order p-modes is relatively
small and the damping rate increases with Bp. This effect might explain the absence of
low-order (δ Sct) type oscillations in roAp stars, which are found in the δ Sct instability
strip (Saio & Gautschy 2004; Saio 2005). The absence of low-order p-modes may also
be explained by gravitational settling of helium as for Am stars (§3.1). However, since
we are now getting to know that many Am stars do pulsate, magnetic damping seems
to be more appropriate.
For high-order p-modes appropriate for the frequency range of roAp stars, mag-
netic effect on a mode changes cyclically as a function of Bp. At Bp corresponding
to a maximum coupling with a particular mode (i.e., at a maximum damping) the os-
cillation frequency jumps down by a few µHz (Cunha & Gough 2000), and the angular
dependence of the amplitude distribution is so deformed that expansions using spherical
harmonics fail to converge (Saio & Gautschy 2004).
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7. Evolutionary period changes
The radius and internal structure of a star change as evolution progresses. If a star is a
pulsating variable, the periods also change with evolution. Needless to say, measuring
such evolutionary period changes is very important because that means we measure
the rate of stellar evolution! Although it may be difficult to measure small changes for
main-sequence pulsators, evolutionary period changes have actually been measured for
many evolved pulsators. Here, we discuss briefly some examples.
A small fraction (∼ 1%) of Mira variables (radially pulsating AGB stars) show
large (positive or negative) secular period changes: |d ln P/dt| ∼ (0.5 − 1) × 10−2yr−1
(e.g. Templeton et al. 2005). Such rapid period changes are consistent with rapid ra-
dius changes that occur during thermal pulses (or helium-shell flashes) (Wood & Zarro
1981). Only a small fraction of Mira variables show such rapid changes because the
duration of a thermal pulse is much shorter than the inter-pulse time interval.
Next fastest evolutionary period changes are observed in the hot hydrogen-deficient
star V652 Her which pulsates very regularly with a period of 0.108 d in the radial funda-
mental mode. Kilkenny et al. (2005) obtained a period change rate of d ln P/dt = −2.5×
10−4/year. The rapid rate indicates that the star contracts rapidly, which seems consis-
tent with a rapid contraction after its formation from a double WD merger (Saio & Jeffery
2000). A period decrease rate for the similar star BX Cir is also obtained by Kilkenny et al.
(2005) but it is ∼ 20 times slower.
Rates of period changes have been measured for many classical Cepheids. Most of
them are compatible with theoretical models being in the first, second, or third crossing
of the instability strip (Turner et al. 2006). Generally, longer period cepheids change
more rapidly because the stellar mass is larger and hence their evolution is faster; e.g.,
|d ln P/dt| ∼ 10−7 yr−1 at P = 4 d, ∼ 10−6yr−1 at P = 10 d, and ∼ 10−4.5 yr−1 at P = 30 d
for the second and third crossings. Polaris has a period of 3.97 d which increases at a
rate of d ln P/dt = 1.4 × 10−5 (Spreckley & Stevens 2008) much faster than the rate
for the third crossing. The rate of change tells us that Polaris is most likely on the first
crossing, evolving toward the core He-ignition (Turner et al. 2006).
As a white dwarf cools, the periods of g-modes increase because the Brunt-Va¨isa¨la¨
frequency in the white dwarf envelope decreases as cooling progresses. The rate of the
period change reflects the WD cooling rate which depends on the luminosity, mass,
and the composition of the core. The fastest period change observed among the WDs is
d ln P/dt = 8.0×10−6 yr−6 obtained for the hot H-deficient pre-WD GW Vir (Costa & Kepler
2008). The slowest period change ever obtained is probably d ln P/dt = 5.2 × 10−10 of
the ZZ Ceti star G 117-B15A, the rate is consistent with a C/O core (Kepler et al. 2005).
Finally, let me add a few words about expected period changes of pre-main se-
quence (PMS) δ Sct stars. They have frequency spectra simpler than those of MS δ
Sct stars, and mode identification is not very diffidult (Guenther et al. 2009). There are
∼ 40 known PMS δ Sct stars (e.g., Zwintz 2008) but no evolutionary period change
has been measured yet. The expected rates are d ln P/dt ∼ −5 × 10−7yr−1 (2M⊙) to
∼ −10−6yr−1 (2.7M⊙), which can be measured in the near future.
Acknowledgments. I am grateful to Alfred Gautschy for his useful comments.
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